Abstract. We derive necessary and sufficient conditions for an Ore extension of a Hopf algebra to have a Hopf algebra structure of a certain type. This construction generalizes the notion of Hopf-Ore extension. We describe this type of Hopf algebra structures over Ore extensions of group algebras and of the enveloping algebras of Lie algebras. As an application, we construct the half quantum group U ≥0 q (sl(3)) which is a quotient of a generalized Hopf-Ore extension.
Introduction
For some special algebras, to investigate Hopf algebra structures over them is an effective method for studying and classifying Hopf algebras. The algebraic structures of Ore extensions have been studied extensively in the past. In particular, one can consider Hopf algebra structures over them. For example, many Hopf algebras have been constructed and classified by means of Ore extensions [1, 2, 7, 8] . In [7] , a class of Hopf algebra structures over Ore extension were defined and studied. Let A be a Hopf algebra and A[z; τ, δ] an Ore extension of A. Under certain conditions, A[z; τ, δ] becomes a Hopf algebra by setting ∆z = z ⊗ r 1 + r 2 ⊗ z for some group-like elements r 1 , r 2 ∈ A, which is called Hopf-Ore extension of A [7, Def.1.0]. Recently, general Hopf algebra structures over Ore extension were discussed in [3] .
In this paper, we generalize the notion in [7] by setting ∆z = z ⊗ r 1 + r 2 ⊗ z + x ⊗ y for some r 1 , r 2 , x, y ∈ A such that A[z; τ, δ] is a Hopf algebra. We call A[z; τ, δ] with this type of Hopf algebra structure the generalized Hopf-Ore extension of A. In [9] , two kinds of connected Hopf algebras A(λ 1 , λ 2 , α) and B(λ) were constructed and were used to classify connected Hopf algebras of GK-dimension three over an algebraically closed field of characteristic zero. These Hopf algebras can be regarded as the generalized Hopf-Ore extensions over the enveloping algebras of 2-dimensional Lie algebras. Moreover, the half quantum group U ≥0 q (sl(3)) (see [4] ) can be constructed by the generalized Hopf-Ore extension. This paper is organized as follows. In Sect.1 we give a sufficient and necessary condition of A[z; τ, δ] to have this type of Hopf algebra structures and study the properties of the generalized Hopf-Ore extension A[z; τ, δ]. For two such Hopf algebra structures over Ore extensions, we give a sufficient and necessary condition for them to be isomorphic. In Sect.2, we describe the generalized Hopf-Ore extensions of group algebras kG and the enveloping algebras U(g). Applying these results, we classify the generalized Hopf-Ore extensions of U(g), where g is a 1-dimensional or 2-dimensional Lie algebra over an arbitrary field, or an n-dimensional abelian Lie algebra over a field with characteristic zero. Finally, as an application, we also construct the half quantum group U ≥0 q (sl(3)) by defining a generalized Hopf-Ore extension and factoring a Hopf ideal.
Throughout, k will be a field. The set of all non-zero elements of k is denoted by k × . We use N to denote the set of non-negative integers. We refer to [6] for basic notions concerning Hopf algebras.
Hopf algebra structures over Ore extensions
Let A be a k-algebra. Let τ be an algebra endomorphism of A and δ a τ-derivation of A. The Ore extension A[z; τ, δ] of the algebra A is an algebra generated by the variable z and the algebra A with the relation za = τ(a)z + δ(a)
for all a ∈ A. If {a i | i ∈ I} is a k-basis of A, {a i z j | i ∈ I, j ∈ N} is a k-basis of A[z; τ, δ] (see [5, 2.1] ).
Furthermore, assume that A has a Hopf algebra structure. We will define a Hopf algebra structure on A[y; τ, δ] which can be regarded as a generalization of Hopf-Ore extension defined in [7] . Definition 1.1. Let A be a Hopf algebra and H = A[z; τ, δ] the Ore extension of A, r 1 , r 2 , x, y ∈ A. If there is a Hopf algebra structure on H such that A is a Hopf subalgebra and ∆z = z ⊗ r 1 + x ⊗ y + r 2 ⊗ z, we say that H has a Hopf algebra structure which is determined by (r 1 , r 2 , x, y). H is called the generalized Hopf-Ore extension of A.
Here r 1 , r 2 must be nonzero. In particular, when x ⊗ y = 0, we obtain the definition of usual Hopf-Ore extension in [7] .
Let A be a Hopf algebra. Recall that an element g ∈ A is called group-like if ∆g = g ⊗g and ε(g) = 1. Let g, h ∈ A be group-like elements. An element a ∈ A is called (g, h)-primitive if ∆a = a ⊗ g + h ⊗ a. In particular, when g = h = 1, a is simply called the primitive element of A. 
Proof. Note that H is a free left A-module under left multiplication with the basis {z i | i ≥ 0}. Consequently, H ⊗ H ⊗ H is also a free left A ⊗ A ⊗ A-module with the basis
we obtain
The equation (2) means that r 1 , r 2 are group-like. By (3), x = 0 or y = 0 or x, y 0. When x, y 0 and x = αr 2 for some α ∈ k × , the equation (3) becomes αr 2 ⊗ y ⊗ r 1 + αr 2 ⊗ r 2 ⊗ y = αr 2 ⊗ ∆y + r 2 ⊗ αr 2 ⊗ y. Applying ε ⊗ ε ⊗ 1 to both sides, we see that y = ε(y)r 1 . Let β = ε(y). We have that x = αr 2 and y = βr 1 for some α, β ∈ k × in this case. When x, y 0 and x αr 2 for any α ∈ k × , {r 2 , x} can be extended to a basis for A. By (3), we have that ∆x = r 2 ⊗ x + u, ∆y = y ⊗ r 1 + w for some u, w ∈ A ⊗ A and u 0. Combining with (3), it follows that u ⊗ y = x ⊗ w. So write u = x ⊗ u ′ , w = w ′ ⊗ y for some non-zero elements u ′ , w ′ ∈ A and we have u
Then we complete the proof.
If x = 0 or y = 0, all Hopf algebra structures over H which are determined by (r 1 , r 2 , x, y) are the same. Hence we can assume that x = y = 0 in this case. If x = αr 2 , y = βr 1 for ] has a Hopf algebra structure which is determined by (r 1 , r 2 , x, y). By Proposition 1.2 and the discussion above, we assume in what follows that x is an (r 3 , r 2 )-primitive element, y is an (r 1 , r 3 )-primitive element for some group-like element r 3 ∈ A. In particular, we assume that x = 0 if and only if y = 0.
Corollary 1.4. Let A be a Hopf algebra and H
If H has a Hopf algebra structure which is determined by (r 1 , r 2 , x, y), then
Proof. The first equation follows from Notation 1.3 and (ε⊗1)∆z = z. The second equation follows from Notation 1.3 and (S ⊗ 1)∆z = ε(z) = 0.
By Notation 1.3, we have that ∆z = z ⊗ r 1 + x ⊗ y + r 2 ⊗ z, and ∆x = x ⊗ r 3 + r 2 ⊗ x, ∆y = y ⊗ r 1 + r 3 ⊗ y. Replacing the generating element z by z
Notation 1.5. Preserving the above notation, we assume in what follows that the element z in the Hopf algebra H = A[z; τ, δ] satisfies the relation
for some group-like elements r 1 , r 2 ∈ A, a (1, r 2 )-primitive element x and an (r 1 , 1)-primitive element y. Under this assumption, the equation (5) becomes
Let 
(b) the following relation holds:
(c) the τ-derivation δ satisfies the relation
for any a ∈ A.
Proof. As in the proof of [7, Thm. Step1. Comultiplication. Assume that the comultiplication ∆ can be extended from A to H by (6) . Then the relation (1) is preserved under taking ∆, i.e. ∆z∆a = ∆τ(a)∆z + ∆δ(a). We have
Hence ∆ preserves the relation (1) if and only if the following conditions hold
for any a ∈ A. The last condition coincides with (10).
Let us show that (11) and (12) imply (8)- (9) . Define χ(a) := τ(a 1 )r 1 S (a 2 )r Step2. Counit. Assume that relations (8)-(10) hold. Let us prove that H admits an extension of counit from A by (4) . Clearly it suffices to show that ε preserves (1), i.e., ε(z)ε(a) = ε(τ(a))ε(z) + ε(δ(a)). Since ε(z) = 0, it follows that ε admits an extension to H if and only if ε(δ(a)) = 0. Note that ε(y) = 0. Applying m(1 ⊗ ε) to (10), we obtain δ(a) = δ(a) + r 2 a 1 ε(δ(a 2 )).
Therefore, a 1 ε(δ(a 2 )) = 0. Then ε(δ(a)) = ε(a 1 )ε(δ(a 2 )) = ε(a 1 ε(δ(a 2 ))) = 0. This proves that H admits an extension of counit from A by (4).
Step3. Antipode. Assume that relations (8)- (10) hold. We need to show that H has antipode S extending the antipode of A by (7) . Clearly such antipode S exists if and only if that S preserves the relation (1), i.e.,
Since ε(a) = a 1 S (a 2 ), applying δ to both sides of it, we have
Applying m(1 ⊗ S ) to (10), we have ε(a)xyr
. Using it and (8), (9), (12) and (14), we have
By (8) and (9),
. Now, by (7), the left-hand side of (13) equals
the right-hand side of (13). This proves the existence of an antipode.
Corollary 1.7. Let A be a Hopf algebra and H
. If H has a Hopf algebra structure which is determined by some r 1 , r 2 , x, y ∈ A, then
Proof. For (a),(b), one can directly check that χχ
For (c), by Theorem 1.6(b), we have χ(a 1 )r 1 a 2 r
. Since χ(r 1 ) 0, we have r 1 r 2 = r 2 r 1 .
Corollary 1.8. Let A be a Hopf algebra and H
Assume that H has a Hopf algebra structure which is determined by some r 1 , r 2 , x, y ∈ A. 
∆a for any a ∈ A, then the relation (10) in Theorem 1.6(c) becomes
Notation 1.10. Let A be a Hopf algebra and H = A[z; τ, δ] which has a Hopf algebra structure determined by some r 1 , r 2 , x, y ∈ A. Denote the generalized Hopf-Ore extension
x, y, δ satisfy the relations (9) and (10).
Let A, A ′ be Hopf algebras. Two Ore extensions H = A(χ, r 1 , r 2 , x, y, δ) and
are said to be isomorphic as generalized Hopf-Ore extensions if there is a Hopf algebra isomorphism Ψ :
Suppose that m ′ , 1, ∆ ′ , ε ′ , S ′ denote the multiplication, the unit, the comultiplication, the counit and the antipode of H ′ respectively.
Proposition 1.11. Two Ore extensions H
= A(χ, r 1 , r 2 , x, y, δ) and H ′ = A ′ (χ ′ , r ′ 1 , r ′ 2 , x ′ , y ′ , δ ′ ) are
isomorphic as generalized Hopf-Ore extensions if and only if there exists a scalar
Moreover, in this case, the isomorphism Ψ :
are isomorphic as generalized Hopf-Ore extensions, there is a Hopf algebra isomorphism Ψ :
Since Ψ is an isomorphism, Ψ(z) has the form γz ′ + η for some γ, η ∈ A ′ and γ 0. Similarly,
Since Ψ is a coalgebra isomorphism, then
By comparing the two sides of this equation, we have
Applying ε ′ ⊗ 1 to both sides of (15), we obtain Φ(
γ is a group-like element. Similarly, applying 1 ⊗ ε ′ to both sides of (16), we
) on the two sides of (17), we obtain the first equation in (b) by defining b := γ −1 η. Applying ε ′ ⊗ 1 to both sides of the first equation in (b), we get ε
By comparing two sides of it, we have
Since Φ is a Hopf algebra isomorphism, the left-hand side of (18) becomes
and the right-hand side of (18) equals
here we use the relation (18). Define
Conversely, if there exists some λ ∈ k × , a group-like element r ∈ A ′ , b ∈ A ′ and a Hopf algebra isomorphism Φ : A → A ′ such that the conditions (a)-(d) hold, we need to show that two Ore extensions H = A(χ, r 1 , r 2 , x, y, δ) and
are isomorphic as generalized Hopf-Ore extensions. Define Ψ(a) = Φ(a) for all a ∈ A and Ψ(z) = λr(z ′ +b). It is straightforward to check that Ψ can be uniquely extended to an isomorphism between H and H ′ . Furthermore, one can check that Ψ preserves the relation za = τ(a)z + δ(a) and satisfies the relations ∆ ′ Ψ(z) = (Ψ ⊗ Ψ)∆(z) and ε ′ Ψ = ε. Hence Ψ is a bialgebra isomorphism. Finally, we need to show that ΨS (z) = S ′ Ψ(z).
By left-multiplying λ(r ′ 2 ) −1 and right-multiplying r −1 on both sides of the above equation, we have
By (7) and (a), we have that
. Therefore Ψ is a Hopf algebra isomorphism from H to H ′ . . The isomorphism Ψ is given by Ψ(a) = a for all a ∈ A and Ψ(z) = α
Corollary 1.12. As generalized Hopf-Ore extensions,
The isomorphism Ψ is given by Ψ(a) = a for all a ∈ A and Ψ(z) = z ′ + αy.
The isomorphism Ψ is given by Ψ(a) = a for all a ∈ A and Ψ(z) = z ′ + βx. 
(e) Let λ = 1, r = 1, b = 0. Part(e) follows from Proposition 1.11 directly.
Some examples
Applying the results in Section 1, we describe the generalized Hopf-Ore extensions of group algebras kG, the enveloping algebras U(g). In particular, we classify the generalized Hopf-Ore extensions of U(g) when g is a 1-dimensional or 2-dimensional Lie algebra over an arbitrary field, or an n-dimensional abelian Lie algebra over a field with characteristic zero.
By Notations 1.3, 1.5 and 1.10, each generalized Hopf-Ore extension A[z; τ, δ] can be written as A(χ, r 1 , r 2 , x, y, δ), where χ : A → k is a character, r 1 , r 2 are group-like, x is (1, r 2 )-primitive, y is (r 1 , 1)-primitive, χ, r 1 , r 2 , x, y, δ satisfy the relations (9) and (10). In particular, x = 0 if and only if y = 0.
Group algebras.
Let A = kG be a group algebra. If H = A[z; τ, δ] has a Hopf algebra structure determined by r 1 , r 2 , x, y, then x = α(1 − r 2 ), y = β(1 − r 1 ) for some α, β ∈ k × . By Corollary 1.12(b),(c), H A(χ, r 1 , r 2 , 0, 0 A(χ, 1, r, 0, 0, δ) , where χ is a group character, r is an element of the center of the group G, and δ is given by δ(a) = α(a 1 )(1 − r)a 2 for some 1-cocycle α ∈ Z 1 χ (kG).
The enveloping algebra U(g).
Let g be a Lie algebra with a fixed ordered basis {a λ | λ ∈ Λ}. Here we use the notation in [6, pp. 73] . Say the function n : Λ → N with finite support if n(λ) 0 ⇔ λ ∈ {λ 1 , · · · , λ m }, where λ 1 < λ 2 < · · · < λ m . Then a n denotes the basis monomial a
, and any b ∈ U(g) may be written as b = n α n x n , where α n ∈ k. Define m ≤ n if m(λ) ≤ n(λ) for all λ ∈ Λ. Let n! = Π λ∈Λ n(λ)! and
Then for all basis monomials a n , 
Lemma 2.2. ([6, Proposition 5.5.3]) Let g be a Lie algebra and P(U(g)) the set of all primitive elements in U(g). (a) U(g) is connected with U(g)
where a ∈ g orĝ. Hence we have the following proposition.
Proposition 2.4. Let H = U(g)[z; τ, δ]
be an Ore extension of U(g) which has a Hopf algebra structure determined by r 1 , r 2 , x, y. Then r 1 = r 2 = 1, x, y ∈ g when chark = 0 or x, y ∈ĝ when chark > 0, and H is generated by z and U(g) with relation za = (a + χ(a))z + δ(a), ∀a ∈ g, for a character χ of the Lie algebra g and a τ-derivation δ satisfying (22), where τ = id + χ.
2.3.
When g is 1-dimensional Lie algebra. Let g = ka be a 1-dimensional Lie algebra and H an Ore extension of U(g) which has a Hopf algebra structure determined by r 1 , r 2 , x, y. Then r 1 = r 2 = 1.
When chark = 0, x = αa, y = βa for some α, β ∈ k. Note that we always assume that x = 0 if and only if y = 0. By Corollary 1.12(d), H is isomorphic to a usual Hopf-Ore extension.
When chark = p > 0, x, y ∈ĝ. If x = y = 0, H is a usual Hopf-Ore extension. Now assume that x 0, y 0. Then (22) becomes
If χ(a) = 0, then τ(a) = a, δ(a) ∈ĝ. Assume that χ(a) 0. If chark = p = 2, by Lemma 2.3, such δ(a) doesn't exist since x, y ∈ĝ. This means that H has no such Hopf algebra structure. If chark = p > 2, by Lemma 2.3, we have that x = λy. By Corollary 1.12(d), H is isomorphic to a usual Hopf-Ore extension.
Write H = U(g)(χ, r 1 , r 2 , x, y, δ). Note that χ, δ are determined by the values of χ(a), δ(a). Hence as a conclusion we have the following result. χ, 1, 1, x, y, δ) , where χ, x, y, δ are given by one of the following.
Proposition 2.5. Let g = ka be a 1-dimensional Lie algebra. Every generalized Hopf-Ore extension over U(g) is isomorphic to U(g)(
(a) When chark = 0, x = y = 0, χ(a) ∈ k, δ(a) ∈ g. (b) When chark = p > 0, x = y = 0, χ(a) ∈ k, δ(a) ∈ĝ. (b) When chark = p > 0, 0 x, y ∈ĝ, kx ky, χ(a) = 0, δ(a) ∈ĝ.
Conversely, every 4-tuple (χ, x, y, δ) given in the above determines a generalized Hopf-Ore extension over U(g).
We need the following lemma before further classifying all generalized Hopf-Ore extensions over U(g) up to isomorphism.
Lemma 2.6. Let g = ka be a 1-dimensional Lie algebra and AutHop f (U(g)) the group of Hopf automorphisms of U(g). Then AutHop f (U(g)) k
× , the isomorphism is given as follows:
Proof. Given an α ∈ k × , define an algebra homomorphism Φ : U(g) → U(g) by Φ(a) = αa. It is routine to check that Φ is a Hopf algebra automorphism. Conversely, assume that Φ ∈ AutHop f (U(g)). Note that U(g) = k[a] as an algebra. Thus Φ(a) = αa + β for some α ∈ k × and β ∈ k. Since a is primitive and Φ is a Hopf algebra automorphism, Φ(a) = αa. 0, 1, 1, 0, 0, δ) with δ(a) = a, U(g)(χ, 1, 1, 0, 0, 0) with χ(a) = 1, denoted by H 0 , H a , H 1 
respectively.

Proof. Let H, H
′ be two generalized Hopf-Ore extensions over U(g). By Proposition 2.5,
′ is an isomorphism of generalized Hopf-Ore extensions. By Proposition 1.11, there exists a scalar λ ∈ k × , a group-like element r ∈ U(g), an element b ∈ U(g) and a Hopf algebra automorphism Φ : (g)(0, 1, 1, x, y, δ) with x, y, δ(a) ∈ĝ, x, y 0, kx ky, denoted by H p,x,y,δ(a) . (a) H p,0 , H p,δ(a) , H p,1 , H p,x,y,δ(a) 
Furthermore, as generalized Hopf-Ore extensions,
Proof. Let H be a generalized Hopf-Ore extension over U(g). By Proposition 2.5, (g)(χ, 1, 1, 0, 0, δ) and
′ is an isomorphism of generalized Hopf-Ore extensions. By Proposition 1.11, there exists an element b ∈ U(g) such that 
′ are isomorphic as generalized Hopf-Ore extensions if and only if there exists a scalar λ ∈ k × , an element b ∈ U(g) and a Hopf algebra automorphism Φ :
2.4. When g is a 2-dimensional Lie algebra and chark = 0. Let g be a 2-dimensional Lie algebra. Let H be an Ore extension of U(g) which has a Hopf algebra structure determined by r 1 , r 2 , x, y. Then r 1 = r 2 = 1 and x, y ∈ g. We classify H by the values of x, y. 
If β+χ(x) 0 or α−χ(y) 0, there is no such a Hopf algebra structure on H by Lemma 2.3. Hence we have that
It is well known that there are up to isomorphism two 2-dimensional Lie algebras over k: the abelian Lie algebra g 1 = kx ⊕ ky with [x, y] = 0 and the non-abelian Lie algebra g 2 = kx ⊕ ky with [x, y] = x. Note that the enveloping algebra of a Lie algebra is also a Hopf algebra if we define the elements in Lie algebra as primitive elements. Consequently, there are exactly two non-isomorphic enveloping algebras of 2-dimensional Lie algebras as Hopf algebras. (g)(0, 1, 1, a, b, δ) with [a, b] = 0, where δ is given by δ | g ∈ End k (g). Remark 2.10. Assume that k is an algebraically closed field of characteristic zero. In [9] , author constructs two kinds of connected Hopf algebras A(λ 1 , λ 2 , α) and B(λ) and prove that every connected Hopf algebra of GK-dimension three is isomorphic to one of the following: the enveloping algebra U(g) for a 3-dimensional Lie algebra g, the Hopf algebras
Clearly, one can check that these Hopf algebras are the generalized Hopf-Ore extensions over the enveloping algebras of some 2-dimensional Lie algebras.
2.5. When g is a 2-dimensional Lie algebra and chark = p > 2. To classify the generalized Hopf-Ore extensions over U(g), we need the following lemma.
Lemma 2.11. Assume that chark = p > 2. Let g = ka ⊕kb be a 2-dimensional Lie algebra. Let c ∈ U(g) and x, y ∈ĝ with x 0, y 0 such that 
Proof. It is easy to check (a)-(d) by Lemma 2.3(a). Following we show Part(e). Write
Note that x ′ , y χ, 1, 1, 0, 0, δ) the usual Hopf-Ore extension. 
Note that End k (g) is always isomorphic to the full matrix algebra M n (k) since g is an ndimensional vector space. Hence we will regard each element in End k (g) as an n ×n-matrix as follows: correspond ϕ ∈ End k (g) to the matrix (a i j ) n×n such that ϕ(a j ) = n i=1 a i j a i for all 1 ≤ j ≤ n. In particular, each automorphism of g is an invertible matrix in M n (k).
Let AutHop f (U(g)) be the group of Hopf automorphisms of U(g), GL n (k) the general linear group. Lemma 2.15. As groups, AutHop f (U(g)) GL n (k), the isomorphism is given as follows:
Proof.
It is routine to check that Φ is a Hopf algebra automorphism. Conversely, assume that
is a polynomial algebra in n variables. Since Φ is a Hopf algebra automorphism, Φ preserves the primitive elements in U(g). By Lemma 2.2,
Define a relation ∼ on M n (k) as follows: M ∼ N if and only if there is a scalar λ ∈ k × , an invertible matrix P such that N = λP −1 MP. Then ∼ is an equivalence relation. Define S = M n (k)/ ∼ the set of equivalence classes. For each class s ∈ S, let δ s be a derivation belonging to the class s.
Similarly, define S 2,n−2 = M n (k)/ ∼ ′ , where the relation ∼ ′ on M n (k) is given by: M ∼ ′ N if and only if there is a scalar λ ∈ k × , an invertible matrix P such that N = λP −1 MP, where
 as a block matrix with P 11 is a 2 × 2-matrix. For each class s ∈ S 2,n−2 , let δ s be a derivation belonging to the class s. (g)(χ, 1, 1, a 1 , a 2 , δ) exists if and only if χ = 0; (e) U(g) (0, 1, 1, a 1 , a 2 , δ) U(g)(0, 1, 1, a 1 , a 2 × , an element b ∈ U(g) and an invertible n × n-matrix Φ such that
In Proof. By Lemma 2.16, each generalized Hopf-Ore extension over U(g) is isomorphic to one of these Hopf-Ore extensions. By Proposition 1.11, we can check that these Hopf-Ore extensions are non-isomorphic each other.
